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Abstract

Transfer learning and self-learning are well known techniques that can sep-
arately improve probabilistic models. In this article it is investigated how to
combine both methods in a single approach enabling transfer learning over
different environments in which self-learning models are deployed. It is found
that such learnings can be enabled through prior optimisation.
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13.1 Motivation

Probabilistic models are of interest for constructing classifiers or estimating
parameters (see e.g. Murphy [1]). Examples of such applications are image
classification in cameras and noise level estimation in radar sensors. These
sensors are often deployed in diverse environments. This means that the
underlying model could benefit from self-learning. Baye’s rule offers such
a method

P (θ | X) = P (X|θ)P (θ)
P (X) , (13.1)

where θ are the model parameters, X are the observations, and P(θ) is the
prior distribution. Note that the observations X may also contain feedback
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Figure 13.1 On the left-hand side a prior was sent to various diverse environments where
in each environment a posterior was estimated. On the right-hand side the question is how to
choose the prior for a new unknown environment when sensor events from other environments
are known.

and interactions from users. A self-learning example is a motion sensor that
self-learns its false positive rate.

The prior distribution is our initial expectation on the parameters prior to
the observation of new data. When no historical data is available, an expert
choice should be made for the prior. However, in some situations data may
be available from other diverse environments. The question here is how to
choose a prior for a new unseen environment when data is available from
other diverse environments. This problem is illustrated in Figure 13.1.

In our motion sensor example, it may be believed that sensors in some
applications have a false positive rate of once per week while in other
applications the false positive rate is once per month. Note that for a new
sensor deployment one cannot simply take an average of the posteriors from
different environments as each posterior represents a different deployment:
some posteriors may be very concentrated around a particular value which
may slow down adaptation to a new environment and posteriors for different
environments may have seen different amount of data (how to average that?).
Moreover, averaging different posteriors is fundamentally wrong; similarly,
one cannot take the average of an apple and an orange.

To solve this problem Xuan [2] discusses a graphical model containing
common and custom nodes. A challenge with such an approach is that the
graph itself will also change as more data becomes available. Similarly, Suder
[3] splits up the parameter space into common and custom parameters. A
challenge with this approach is how to decide which parameters are common
or which ones are not. Pautrat [4] discusses the grouping of similar environ-
ments, each having their own prior. A challenge with such an approach is
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how to decide on the number of groups and when to decide on forming a new
group when a new environment is substantially deviating.

Although the posteriors are fundamentally different for different environ-
ments, knowledge from different environments is still useful for determining
an optimal prior for a new environment. Although the environments may be
substantially different there is one aspect that they share in common which
is the prior from which the probabilistic model could have started. This
commonality offers an opportunity for transfer learning and it will be studied
in this article.

13.2 Prior Optimisation

A choice for prior is similar to a choice for model. When having a set of
models Mi then the probability for a model to hold given the data is given
by (see e.g. Murphy [1])

P (Mi|X)=P (X|Mi) P (Mi)
P (X) . (13.2)

If a prior is parametrized through a hyperparameter μ then the best
hyperparameter can be selected through

argmaxμP (X|μ) P (μ) . (13.3)

In some cases, there may be no direct expectations for P (μ) as given
in Equation 1.3 but there may be prior expectation for parameter θ. In those
cases, an effective prior on μ can be derived. Prior to the knowledge on the
prior P (θ) we take P (μ) to be uniform (first line equation below right-hand-
side). The probabilities for observing a distribution P (θ) from μ is simply the
product of P (θi | μ)weighted by the amount P (θi)Δθ (second line involves
a product integral)

P (μ | P [θ]) ∝ P (P [θ] | μ)
= lim

Δθ→0

∏
i

P (θi | μ)P (θi)Δθ

= exp

∫
dθP (θ) logP (θ | μ), (13.4)

where in the last step the Geometric integral relation from Volterra was used.
Note that the same result can be obtained by using variational Bayesian
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approximation. A variational approximation of a posterior is given by

P (μ | X) ≈ argmaxq(μ)
∫
dμ q (μ)

(
logP (X | μ)− log q(μ)

P (μ)

)
.

(13.5)
Using the prior P (θ) for updating our knowledge on P (μ) gives

P (μ | P [θ]) ≈ argmax
q(μ)

∫
dμq(μ)

(∫
dθP (θ) logP (θ | μ)− log

q(μ)

P (μ)

)
∝ exp

∫
dθP (θ) logP (θ | μ), (13.6)

where in the last line we assumed the initial prior P (μ) to be flat. Equation
1.4 gives for the effective prior P (μ)

P (μ | P [θ]) =
exp

∫
dθP (θ) logP (θ | μ)∫

dμ′ exp
∫
dθP (θ) logP (θ | μ′)

(13.7)

In Equation 1.3, X contains all of the available data. It will be assumed
that captured diversity in environments is representative for the underlying
population of environments. The known environments are allowed to have
different amounts of observations. As the known environments are assumed
to be representative, an optimal prior for known environments will be an
optimal prior for a new unknown environment.

Taking the logarithm of Equation 1.3 and labelling data from environment
i by Xi one finds

μ=argmaxμ [
∑

i logP (Xi|μ)+logP (μ)] . (13.8)

Using

logP (X) =
∫
dθ q (θ)

[
logP (X | θ)− logP (θ|X)

P (θ)

]
, (13.9)

with ∫
dθ q (θ) = 1, (13.10)

one finds

μ ≈argmax
μ

[∑
i

∫
dθiP (θi | Xi, μ)

{
logP (Xi | θi)

− log
P (θi | Xi, μ)

P (θi | μ)

}
+ logP (μ)

]
. (13.11)
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In case the posterior for an environment cannot be exactly determined one
can approximate by (see Attias [5], Morey [6], and Tran [7])

μ ≈argmax
μ

max
q(θi)

[∑
i

∫
dθiq (θi)

{
logP (Xi | θi)− log

q (θi)

P (θi | μ)

}

+ logP (μ)

]
(13.12)

Note that q (θi) approximates the posterior for each environment i in
terms of the reversed KL-divergence. The reversed KL-divergence may lead
to modes in q (θi) introducing errors. For this reason the posterior q (θi)
should have sufficient freedom to describe all typical groups of customers.

It is of interest to study the optimal prior in case of a single deployment
(or in the limit that all deployments have the same environment) and for P (μ)
being constant. If one has conjugate priors then one can iteratively solve
Equation 1.11 by choosing at each iteration the prior P (θi|μ) to be equal to
the posterior from the previous iteration P (θi|Xi, μ). In the limit of conver-
gence, the logarithm containing ratio of posterior over prior will vanish and
the posterior P (θi|X,μ) will strongly peak around μ= argmaxθiP (X|θi).
In other words, in absence of any prior belief then the best prior for a new
environment that is the same as the existing environment is a strongly peaked
function around the most likely parameters (as expected).

Note that strongly concentrated priors delay learnings from new data.
Peaking of priors is reduced when a belief for P (μ) is included and when
known environments are diverse.

13.3 Example Categorical Distribution

For categorical distributions the conjugate prior is a Dirichlet distribution
of which its hyperparameter is often denoted by α instead of μ that was
used in this paper upto now. Given applications i some observed categories j
and assuming a flat prior such that the last term logP (μ) in Equation 1.11
disappears one obtains

α = argmaxα
∑

i log
Γ(

∑
j αj)

∏
j Γ (αj+nij)

Γ(
∑

j αj+nij)
∏

j Γ (αj)
. (13.13)

Consider the following example. In a first application one encounters
1000 items of category 0 and 2 items of category 1 while in a second
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application one encounters 10 items of category 0 and 2 items of category
1. Using the equation above one finds the optimal prior to be a Dirichlet
distribution with α=(5.8, 0.41). If the previous two applications are random
draws from an underlying population of applications, then the obtained
Dirichlet distribution would be optimal for a new application. The ratio of
the hyperparameters indicates the expected ratio of classes, the sum of the
hyperparameters is an indicator for the knowledge strength.

Consider now another example in which one encounters in the first
application 50 items of category 0 and 3 items of category 1, and in the
second application 5 items of category 0 and 20 items of category 1. In
this example the optimal hyperparameters for the Dirichlet distribution are
α=(0.87, 0.60). The low numbers indicate a lack of knowledge which
is expected given the large differences in observations between the two
applications.

13.4 Conclusions and Discussion

Self-learning probabilistic models are useful for learning context and thereby
self-learning increases performance in diverse environments. Similarly, trans-
fer learning can help to use learned knowledge from one environment for
another environment. In this article these two aspects are integrated into a
single approach by optimising the prior.

It was found that an optimal prior can be obtained by maximising a
sum of evidences over environments. The amount of data per environment
is allowed to vary. In order to optimise the prior, observations from different
environments need to be shared. For cameras this means sharing of images,
for radar sensors it means sharing of radar signals. Sharing of sensor events
may involve privacy aspects.

Although the approach leads to the best (or most optimal) prior one does
need to realize that this approach carries the risk of overfitting. The situation
is similar to variational Bayesian methods that yield the "best approximated"
posterior which in reality may be far away from the true posterior.
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